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The theory of renormalized energy spectrum of a multi-level quasiparticle interacting with polarization phonons
atT = 0 K is developed within the Feynman-Pines diagram technique in a new approach. It permits a successive
separation of multiplicative diagrams from non-multiplicative ones for all orders of mass operator, and their
partial summing as well. The obtained mass operator is presented as a sum of branched chain fractions, which
effectively take into account the multi-phonon processes. For the two-level quasiparticle it is shown that just
the interlevel (non-diagonal) interaction with phonons fundamentally changes the properties of the spectrum.
In the vicinity of all threshold energies, the quasi-equidistant phonon satellite bands (i.e., groups of energy
levels) are formed. They correspond to the complexes of bound states of a quasi-particle with many phonons.
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1. Introduction
Recently, new physical phenomena (in particular, high temperature superconductivity) in 3D and low-
dimensional structures associated with the effects of spatial quantization have greatly urged an intensive
development of new theoretical approaches to the study of interaction of quasiparticles (electron, hole,
exciton) with different types of phonons. All these various of interactions play an important role in the
formation and in temperature evolution of the renormalized spectra and, hence, in the observed physical
phenomena.
Generally, during the recent two decades, new powerful and phighly promissing methods have been
scrupulously developed in order to calculate the spectra of quasiparticles renormalized due to interac-
tion with phonons in polaron models (Fröhlich, Holstein, Su-Schrieffer-Heeger) which have different
spatial dimension. The progress in the solution of polaron problems has been reached due to the use
of modern analytical and analytically-numerical methods: exact diagonalization (ED) [1], modern vari-
ational method (VM) [2, 3], dynamical mean-field theory (DMFT) [4], density-matrix renormalization
group (DMRG) [5, 6], quantum Monte Carlo (QMC) [7–9], diagrammatic Monte Carlo (DMC) [10–14],
the bold diagrammatic Monte Carlo (BDQMC) [15–18], the momentum average approximation (MA)
[19–23].
The results presented in the papers where these non-perturbed methods have been used, proved to
be well correlating for different models of the structures where the interaction between quasiparticles
and phonons is important in a wide range of their coupling (from weak to strong). In the majority of
papers, the one-band models for quasiparticles were usually studied. However, recently, the systems of
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quasiparticles with a more complicated spectrum were observed [22, 23]. The arising interest to the
multi-level (multi-band) quasiparticles interacting with phonons is caused by the rapid development of
physics of nanoheterostructures, where the energy spectrum of even uncoupled quasiparticles is multi-
level (multi-band) due to the effect of spatial quantization.
The theory of renormalized energy spectrum of multi-band quasiparticles interacting with different
phonon modes (confined, interface, propagating and others) [24–27] in nanoheterostructures is not
only of theoretical importance but it has an essential practical significance. Although the multilayered
nanostructures have been long used as components of unique modern devices [quantum cascade lasers
(QCL) and detectors (QCD)] operating in the actual infra-red range of electromagnetic waves, the
consistent theory of their physical phenomena is far from being complete.
It is well known [28–31] that phonons play an important positive role for the QCDs functioning
in the middle and in the far IR-range because their extractors operate within the so-called “complete
phonon ladder”. The quantum wells and barriers of the extractors have got the composition and design
of sizes which provide the needed number of equidistant electron energy levels (with the distance of one
phonon energy) that create this “ladder”. Herein, the tunneling electron performs consistent radiationless
one-phonon quantum transitions from the upper level of the cascade active region exactly to the lower
(ground) level of the active region of the next cascade through this ladder, which ensures an appropriate
QCD operation.
The described mechanism of extractor operating within the “complete phonon ladder”, which relaxes
the electron energy between the active regions of the neighbouring cascades, is not the only one. Recently,
it turned out that the cascades of newly produced and appropriately operating QCD of near IR-range
[32–35] work with the extractors having a “torn phonon ladder”, lacking almost a half of the lower energy
levels! A detailed review and analysis of experimental papers show that in some QCD operating in the
other ranges [36, 37] the extractors were imperfect with respect to the equivalent distance between the
levels that create a “phonon ladder”.
There is still no theory of electron-phonon interaction that would reliably describe the physical
phenomena in multilayered nanostructures. However, the satellite states with equidistant energy spectrum
arising due to the interaction between one-level quasiparticles and phonons were studied in theoretical
papers [38–40]. It gives reason to expect that multi-level uncoupled electrons interacting with phonons
in quasi-two-dimensional multilayered nanostructures are capable of creating quasi-equidistant satellite
mini-bands, which would compensate both for the energy levels lacking in the “phonon ladder” and for
their imperfect equidistant characteristics.
For the simplest model of an extractor with the “torn phonon ladder”, created by two energy levels
of a quasiparticle and by their phonon satellites, in the papers [41, 42] there was presented a theory
of an energy spectrum of two-level localized quasiparticle interacting with polarization phonons at
T = 0 K. Using the modified method of Feynman-Pines diagram technique, it was shown that in the first
approximation of renormalized mass operator (MO) (where all multiplicative diagrams are taken into
account completely), the satellite mini-bands are really observed in the spectrum.
In this paper, we develop a generalized theory for the spectrum of a multi-level quasiparticle renorma-
lized due to the interaction with phonons, taking into account not only the main multiplicative diagrams
in the mass operator but also the diagrams that are successively separated from its non-multiplicative
block. For the same model as in [41, 42], it is shown that the renormalized spectrum of the system, apart
from the known properties, also prossesses some new important ones.
2. Hamiltonian of the system. Mass operator of quasiparticle Green’s
function atT = 0 K
To obtain a renormalized spectrum of the system consisting of a multi-level localized quasiparticle
interacting with polarization phonons, we use the Fröhlich Hamiltonian, like in [39, 41, 42]
Hˆ =
τ∑
µ=1
Eµa+µaµ +
∑
®q
Ω( ®q)
(
b+®qb ®q +
1
2
)
+
∑
®q
τ∑
µ1,µ2=1
ϕµ1µ2a
+
µ1aµ2
(
b ®q + b+−®q
)
. (1)
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Here, Eµ=1,...,τ are the energy levels of an uncoupled quasiparticle. As the energy of optical phonon
typically weakly depends on its quasimomentum (®q), we further putΩ( ®q) = Ω, neglecting the dispersion.
Coupling constants (ϕµ1µ2), which describe quasiparticle-phonons interaction, are assumed to be the
known parameters and characterize either intra-level interaction at µ1 = µ2 or the inter-level interaction
at µ1 , µ2.
We should note that Hamiltonian like (1) can describe a wide range of 3D-models (for example,
impurity centers) and spatially confined 1D- or 2D-models of low dimensional structures containing
multi-level localized quasiparticles interacting with confined or interface phonons.
The energy spectrum of the system renormalized due to the interaction at cryogenic temperature
(formally T = 0 K) is obtained within the method of Feynman-Pines diagram technique [42–44] for
the Fourier image of quasiparticle casual Green’s function Gµµ′(ω). Moreover, we use the approach
proposed in papers [41, 42], modified for the case of a quasiparticle [with an arbitrary number (τ) of
levels] interacting with phonons. Taking into account the Hamiltonian (1), the Green’s functionsGµµ′(ω)
satisfy the system of τ2 Dyson equations
Gµµ′(ω) = (ω − Eµ + iη)−1
[
δµµ′ +
τ∑
µ1=1
Mµµ1(ω)Gµ1µ′(ω)
]
, µ, µ′ = 1, 2, . . . , τ; (η→ 0), (2)
where Mµµ1 is the complete matrix MO and Eµ=2,...,τ = E1 + ∆Eµ=2,...,τ . This system is conveniently
solved in dimensionless functions, variables and constants:
gµ(ξ) = gµµ(ξ) = ΩGµµ , mµ(ξ) = MµΩ−1, mµµ(ξ) = MµµΩ−1,
ξ = (ω − E1)Ω−1, ξµl = (ω − Eµl )Ω−1, αµ1µ2 = ϕµ1µ2Ω−1, δµ=2, ...,τ = ∆Eµ=2, ...,τΩ−1.
(3)
The system of τ2 dimensionless equations obtained from (2) is sophisticated (for big τ numbers),
though it is solved exactly. For the dimensionless Green’s function of µ-th level [gµ(ξ) = gµµ(ξ)], the
solution is defined by Dyson equation (at ~ = 1)
gµ(ξ) = {ξµ − mµ(ξ)}−1 (4)
within the complete MO mµ(ξ), which can be written in the form
mµ(ξ) = mµµ(ξ) + mgµµ(ξ) , (5)
where mµµ is a diagonal component, which describes all intra-level interactions with phonons but
without taking into account non-diagonal elements of gµµ′ matrix. The components mgµµ, produced by
non-diagonal elements of gµµ′ , are defined exactly. However, they have a sophisticated structure for big
τ numbers, presented, for example, in appendix A at τ = 3, 4, 5. For the two-level system (τ = 2), the
diagonal elements are given by simple formulae
mg(2)11 (ξ) =
m12(ξ)m21(ξ)
ξ2 − m22(ξ) , m
g(2)
22 (ξ) =
m21(ξ)m12(ξ)
ξ1 − m11(ξ) . (6)
The matrix of complete MO mµµ′ is defined by the rules of Feynman-Pines diagram technique [44],
which are generalized for the case of multi-level systems. Since the energies of quasiparticle and phonons
are dispersionless, the equivalent diagrams with and without crossing the phonon lines, correspond to
the identical analytical expressions, such as
.
(7)
Thus, contrary to the classic Fröhlich one-band Hamiltonian [42, 44], where the energy of an uncoupled
quasiparticle is the function of quasimomentum, the dimensionless MO mµµ′ is obtained in such dia-
grammatic representation that contains only all non-equivalent diagrams without crossing the phonon
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lines. The number of equivalent diagrams of this type is fixed by the integers prior to the respective
diagrams.
(8)
AllMOdiagrams in an arbitrary p-th order over the power of the pairs of coupling constants, which are
the same as the number of phonon lines in a respective diagram, are definitely calculated by a computer
program. It would be clear further on that in order to establish the exact rules of partial summing of
infinite ranges of diagrams, it is quite sufficient to take into account all the first 128 non-equivalent
diagrams to the eighth order inclusive.
The analytical expression for an arbitrary diagram is obtained as the sum over all inner indices
(µ1, µ2, . . . , µN ), except the outer ones (µ, µ′), of the products of all vertices and solid lines
(9)
where p is a number of dashed (phonon) lines situated above the solid (quasiparticle) line with index µl .
For example, the first two components of mµµ′ are of the following diagrammatic and analytical forms:
(10)
(11)
The renormalized spectrum of the system is calculated in a wide energy range, containing not only the
ground level but the levels of the excited states, which arise in the vicinity of the thresholds of the radiation
of phonons. Thus, it is necessary to represent the complete MO (8) in the form which effectively takes
into account both the inter-level interaction and multi-phonon processes. However, the classic form (8)
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does not satisfy the second condition, in particular, due to the so-called ”problem of sign”. In order to
solve it, one should perform a successive partial summing of infinite ranges of diagrams in the complete
MO.
3. Method of successive partial summing of MO diagrams
To perform the partial summing of diagrams in the complete MO mµµ′ , it is convenient to group
them into the classes which are written in brackets in expression (8). It is clear that the p-th class of
renormalized diagrams (except the first one) together with the factor p! contains an infinite number of
only those diagrams (together with numerical factors), whose arbitrary blocks, in their turn, contain not
more than p dashed lines over any of the solid ones. This class of diagrams is further referred to as a
renormalized p-phonon MO and is denoted by m[p]µµ′ . We should note that, as it is clear from (8), only
one-phonon diagram (10) in its first class of partial p-phonon diagrams is single, hence, m[1]µµ′ = m
(1)
µµ′ .
All other classes of renormalized MO
(
m[p≥2]µµ′
)
are given by the respective infinite ranges of diagrams.
For example, the renormalized two-phonon MO is
. (12)
Then, the complete MOs mµµ′ can be written as a sum of renormalized MO of all orders
mµµ′(ξ) =
∞∑
p=1
m[p]µµ′(ξ) . (13)
In each MO diagram, the analytical contributions of its elements are summed up over all µl indices,
except the first one (m[1]µµ′). Hence, none of them is multiplicative, in general form. However, the analytical
expressions show that each diagram can be expressed as a sum of two components: multiplicative (m)
and non-multiplicative (nm). To this end, in any diagram, in which summing is performed over all
inner indices [for example, µ1, µ2, µ3 in the first diagram of (12)], one should separate the multiplicative
component having certain equal indices (for example, µ1, µ2, µ3 = µ1), where the summing is performed
only over the indices µ1, µ2 and the non-multiplicative component having the indices (µ1, µ2, µ3 , µ1),
where the summing is performed over all these indices. In this approach, the non-renormalizedMO of the
second order over the number of phonon lines is expressed in the following diagrammatic and analytical
forms:
=
τ∑
µ1=1
αµµ1m
(1)
µ1µ1(ξ − 1)αµ1µ′
(ξµ1 − 1)2
+
τ∑
µ1=1
αµµ1
ξµ1 − 1
τ∑
µ3,µ1
m(1)µ1µ3(ξ − 1)αµ3µ′
ξµ3 − 1
.
(14)
The non-renormalized MO of the third order is as follows:
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=
τ∑
µ1,µ2=1
αµµ1αµ1µ2m
(1)
µ2µ2(ξ − 2)αµ2µ1αµ1µ′
(ξµ1 − 1)2(ξµ2 − 2)2
+

τ∑
µ1, µ2,
µ5 , µ1
αµµ1αµ1µ2m
(1)
µ2µ2(ξ − 2)αµ2µ5αµ5µ′
(ξµ1 − 1)(ξµ2 − 2)2(ξµ5 − 1)
+
+
τ∑
µ1, µ2, µ5,
µ4 , µ2
αµµ1αµ1µ2m
(1)
µ2µ4(ξ − 2)αµ4µ5αµ5µ′
(ξµ1 − 1)(ξµ2 − 2)(ξµ4 − 2)(ξµ5 − 1)
 .
(15)
Having separated all the diagrams of all orders at m- and nm- classes in the complete MO (8) and
taking into account that one-phonon MO m(1)µµ′ belongs to the m-class of diagrams, the complete MO (13)
can be written as a sum of two components
mµµ′(ξ) = m1,mµµ′ (ξ) + m2,nmµµ′ (ξ) =
∞∑
p=1
mp,[m]µµ′ (ξ) +
∞∑
p=2
mp,[nm]µµ′ (ξ) . (16)
The first component (m1,mµµ′ ) contains one-phonon diagram renormalized by all m-diagrams of all orders
and the second one (m2,nmµµ′ ) contains the rest nm-diagrams of all orders beginning from the second, in
which one should further successively separate other classes of m- and nm-diagrams of higher orders over
the powers of coupling constants (phonon lines). The multiplicative structure of all terms in MO m1,mµµ′
makes it possible to perform an exact partial summing. This was described in detail in papers [41, 42],
where the latter was denoted as m[m]µµ′ .
As a result, being renormalized by all the multiphonon process, one-phonon MO in the first approxi-
mation m1,mµµ′ is obtained in the form of infinite branched chain fraction
(17)
For further calculations it is convenient to represent the latter expression as identical functional equation
m1,mµµ′ (ξ) =
τ∑
µ1=1
αµµ1αµ1µ′
ξµ1 − 1 − m2,mµ1µ1(ξ)
. (18)
Thus, for an arbitrary p = 1, 2, . . . ,∞, the relationship is valid:
mp,m
µp−1µ′p−1
(ξ) =
τ∑
µp=1
pαµp−1µpαµpµ′p−1
ξµp − p − mp+1,mµpµp (ξ)
. (19)
The next stage in calculating the complete MO (mµµ′) is to separate all m-diagrams from the whole
infinite number of nm-diagramsm2,nmµµ′ , starting from the two-phonon , which were not logged
in m1,mµµ′ and are renormalized due to all multi-phonon processes by two-phonon MO m
2,[m]
µµ′ (being the
correction of the second approximation for the complete MO). Then, all other diagrams of the complete
MO, which were not logged in m1,mµµ′ and m
2,[m]
µµ′ , starting from the three-phonon ones, produce the non-
multiplicative MO m3,[nm]µµ′ . As for m
2,[m]
µµ′ , it is partially summed up exactly in the same way as m
1,m
µµ′ .
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Thus, having separated from m2,nmµµ′ the infinite ranges of only m-diagrams of the second approximation
(20)
and having performed their exact partial summing according to the presented rules of diagram tech-
nique (9), the following analytical expression is obtained
m2,[m]µµ′ (ξ) =
τ∑
µ1, µ2,
µ′1 , µ1
2αµµ1αµ1µ2αµ2µ′1αµ′1µ′
(ξµ1 − 1)(ξµ′1 − 1)[ξµ2 − 2 − m
3,m
µ2µ2(ξ)]
∞∑
s=0
{ τ∑
µ′2
2αµ1µ′2αµ′2µ1
(ξµ1 − 1)(ξµ2 − 2)
[
1 − m
3,m
µ2µ2 (ξ)
(ξµ2−2)
] }S,
(21)
Partially summing the ranges of m-diagrams or, which is the same, converting the last row of geometric
progression in (21), final diagrammatic and analytical expressions for a completely renormalized (due to
multi-phonon processes) two-phonon MO m2,[m]µµ′ (in the second approximation) are obtained
=
τ∑
µ1,µ2,µ
′
1,µ1
2αµµ1αµ1µ2αµ2µ′1αµ′1µ′
(ξµ1 − 1)(ξµ2 − 2)(ξµ′1 − 1)
[
1 − 2m
(1)
µ1µ1 (ξ−1)
ξµ1−1 −
m3,mµ2µ2 (ξ)
ξµ2−2
] . (22)
In the same way, final diagrammatic and analytical expressions for the completely renormalized (due
to multi-phonon processes) three-phonon MO m3,[m]µµ′ (in the third approximation) are obtained
= 22
τ∑
µ1, µ2, µ
′
2,
µ′′1 , µ
′
1 , µ1
αµµ1αµ1µ2αµ2µ′1αµ
′
1µ
′
2
αµ′2µ
′′
1
αµ′′1 µ
′
(ξµ1 − 1)(ξµ2 − 2)(ξµ′1 − 1)(ξµ′2 − 2)(ξµ′′1 − 1)
1 −
2m(1)µ1µ1(ξ − 1)
ξµ1 − 1
−
m3,m
µ′2µ
′
2
(ξ)
ξµ′2 − 2

−2
+
+2 · 3
τ∑
µ1, µ2, µ3,
µ′1, µ
′
2 , µ2
αµµ1αµ1µ2αµ2µ3αµ3µ′2αµ2µ
′
1
αµ′1µ
′
(ξµ1 − 1)(ξµ2 − 2)(ξµ3 − 3)(ξµ′2 − 2)(ξµ′1 − 1)
1 −
2m(1)
µ′1µ1
(ξ − 1)
ξµ′1 − 1

−2 [
1 − m4,mµ3µ3(ξ)
]−1
.
(23)
A similar cyclic procedure of successive separation of m-diagrams from nm-diagrams with their
subsequent summing up in the proposed way is totally applicable in all higher orders for MO. It is clear
that with each next cycle, the number (s) of terms ms,[m]µµ′ renormalized by m-diagrams and, consequently,
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their contribution into mµµ′ will be bigger while the number of terms ms,nmµµ′ produced by nm-diagrams
and their contribution will become smaller.
In the limiting case of infinite number of cycles (s → ∞), ms,nmµµ′ → 0. Thus, in mµµ′ there remains
only the sum of all terms ms,mµµ′ produced by all m-diagrams. Now it is possible to formally present the
complete MO in the form
mµµ′(ξ) = lim
smax→∞
smax∑
s=1
[
ms,[m]µµ′ (ξ) + ms,nmµµ′ (ξ)
]
=
∞∑
s=1
ms,[m]µµ′ (ξ) , (24)
where, in order to unambiguously understand this formula, we use the denotion m1,[m]µµ′ ≡ m1,mµµ′ at s = 1.
The algorithm of successive separation of m-diagrams from the nm-diagrams with their partial
summing is completely clear but if the number of terms (s) increases, the analytical expressions for
ms,[nm]µµ′ become more sophisticated. Therefore, when MO (24) is practically used for the calculation of
renormalized spectrum of the system, one should take into account this number of terms (s) in ms,[nm]µµ′ ,
which provides sufficient convergence (saturation) of the spectrum.
In our previous paper [41], we studied only the first (m1,mµµ′ ) approximation for a complete MO and
revealed the main property of a renormalized spectrum of two-level localized quasiparticle interacting
with phonons, in a wide range of energies. In this paper, using the obtained MO in third approximation
mIIIµµ′(ξ) = m1,[m]µµ′ (ξ) + m2,[m]µµ′ (ξ) + m3,[m]µµ′ (ξ) (25)
we shall clarify some new properties of this spectrum, which were not revealed in the first paper.
4. Properties of renormalized energy spectrum of the system atT = 0 K
taking into account the higher successive approximations of mass
operator
In our paper [41], we studied the renormalized spectrum of a two-level quasiparticle interacting with
dispersionless phonons within zero (m0) and first (mI) approximation for the MO. In this paper, using
the analytic results presented in the previous section, we shall take into account the terms of MO in the
second (mII) and the third (mIII) approximations, which essentially affect some properties of the energy
spectrum. As far as there are no imaginary terms of MOs [m1(ξ),m2(ξ)], in both Green’s functions
[g1(ξ), g2(ξ)] all their poles are the same and, according to (4) and (6), define the dispersion equation
[ξ − m11(ξ)][ξ − δ − m22(ξ)] = m212(ξ), [δ ≡ δ2 = (E2 − E1)Ω−1].
Its solutions determine all renormalized energy levels both for the main and satellite states of the system.
The spectrum is numerically calculated and analyzed for the system which is characterized by rather
small parameters of intra-level (α11 = 0.3, α22 = 0.2) and inter-level (α12 = 0.05) coupling constants
of quasiparticle and phonons. Figure 1 shows the spectrum obtained in four successive approximations
for MO, as a function of energy distance (δ) between both levels of uncoupled quasiparticle. We use
convenient three-index symbols for the energy levels (eµ,l,k) and two-index symbols for the widths of
satellite groups (∆eµ,l), which correspond to their physical origin. Thus, in eµ,l,k : µ = 1, 2 – numerates
the state of uncoupled quasiparticle, l is the number of a satellite group of the levels which fixes the
threshold energy of radiation accompanied by the creation of l phonons, k is the number of the level in
the l-th group. The width of µl-th satellite group (∆eµ,l = e>µ,l − e<µ,l) is fixed by the difference between
the upper e>
µ,l
= eµ,l,maxk and lower e<µ,l = eµ,l,mink levels of this group. Moreover, we should note that
the renormalized energies of the first and second main levels are written as e1,0 and e2,0, while the
complicated groups of levels in resonant regions are allocated by energy lines marked by two digital
indices (l1, l2), where l1 = 1, 2, 3 . . .; l2 = 0, 1, 2 . . . numerate the satellite groups of the first and second
main levels, respectively.
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Figure 1. (Colour online) Renormalized spectrum eµ,l,k as function of δ at α11 = 0.3, α22 = 0.2,
α12 = 0.05.
The energy levels eµ,l,k calculated in different approximations for MO are presented in figure 1.
Herein, in the panels, the following curves correspond to: e1,l,k — dots (a) m0; solid red (a) mI, (b) mII,
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(c)mIII; e2,l,k — triangles (a)m0; solid green (a)mI, (b)mII, (c)mIII. Solid blue curves in resonant regions
present the energy levels of satellite complexes which are produced by the superposition of multi-phonon
states bound to the both states of uncoupled quasiparticle. Now, let us analyse how the main properties
of renormalized spectrum, calculated in different successive approximations for the MO, change.
In figure 1 (a), one can see the same dependence of the spectrum on δ as obtained in approximations
m0 and mI and analyzed in detail in our paper [41]. The results in these two approximations are quite
different. In zero approximation (m0), neglecting the inter-level interaction (α12 = 0), the spectrum
contains two infinite series of equidistant levels (the distance is of one-phonon energy). If δ increases,
these levels intersect (except the ground one e10) in all resonant regions of energies (l1, l2). On the
contrary, in the first approximation (mI), the anti-crossing of levels is observed in the first resonant region
(1,0) while in the other resonant regions (l1 = 2, 3, . . . ; l2 = 0, 1, . . .) there are multi-anti-crossings. It
is due to this that in all non-resonant regions one can see two first satellite levels (e1,1,1 and e2,1,1) and,
besides, the bands of satellite levels with the widths ∆eµ,l=2,3,....
Comparing the panels (a) and (b) in figure 1, one can see two qualitatively new features of the spectra
calculated in the first (mI) and second (mII) approximations for the MO. In the second approximation: i)
in all resonant regions (l1, l2) there are complexes of satellite levels which do not intersect at increasing
δ, but some neighbouring pairs degenerate and disappear or appear. Due to the scale of figure 1, this
phenomenon is weakly visible, therefore, in figure 2 it will be shown more in detail. ii) in non-resonant
regions, the number of levels in all satellite groups increases and their widths become a little bigger
(∆eµ,l=2,3,...). Two first satellite groups with the respective widths (∆e1,1, ∆e2,1) are created instead of
two first satellite levels (e1,1,1 and e2,1,1).
From the panels (b) and (c) in figure 1 it is clear that comparing the second and third approximations
for the MO, the properties of the spectra are qualitatively the same. Though the number of levels in
satellite complexes and groups becomes bigger, their widths increase weakly.
In figure 2 (a), the spectrum calculated in the third approximation for the MO is shown for the system
with smaller constants of intra-level coupling (α11 = 0.1, α22 = 0.008) but at the same magnitude of the
inter-level coupling constant (α12 = 0.005) as for the system described in figure 1. Figure 2 (a) shows
the same behaviour of the spectrum as figure 1 (c) but here, due to the smaller α11 and α22, the sizes of
the respective satellite complexes in resonant regions are smaller the same as widths of satellite bands in
non-resonance regions.
For example, in the panels (b), (c), (d), figure 2 (with a bigger scale), the satellite levels in complexes
(1,0), (2,0), (3,0), produced due to the superposition of the second main state with phonon satellites of
the first main state are shown. In these panels, instead of the corresponding blue lines in figure 2 (a),
the lines are painted in three colors in the bottom-up sequence: red, green, blue and so on, for better
visualization. In the panel (c), figure 2 in two circles, one can see green and blue lines which visually
seem touching each other, although in reality they are just very close. The rest properties of the energy
levels in satellite complexes are typical and well seen in the panels (a), (b), (c), (d).
The widths of satellite bands are important parameters of the spectrum in the non-resonant energy
region, depending on intra- and inter-level coupling constants. The results of their calculations in the third
approximation are presented in figure 3, with α11, α22, α12 values at the respective panels. The figure
proves that the widths of all satellite bands quasi-linearly depend on the magnitude of inter-level coupling
in the range 0 < α12 6 0.1. The panels (a), (b), (c) show that the widths of three satellite bands of the first
level (∆e1,l) are mainly determined by the magnitude of intra-level coupling (α11) of quasiparticle in the
same state with phonons, while increasing α22 or α12 weakly increases the widths ∆e1,1 and ∆e1,2. The
width ∆e1,3 almost does not depend on α22 and α12. The widths of three satellite bands of the second level
(∆e2,l), panels (d), (e), (f), are mainly determined by α22 magnitude while α11 and α12 affect weakly.
5. Main results and conclusions
To calculate the energy spectrum of multi-level quasiparticle interacting with polarization phonons
described by Fröhlich-type Hamiltonian atT = 0 K, the Feynman-Pines diagram technique is generalized
for an effective renormalization of mass operator due to multi-phonon processes.
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Figure 2. (Colour online) Renormalized spectrum eµ,l,k as function of δ at α11 = 0.1, α22 = 0.08,
α12 = 0.05 calculated in the third approximation for the mass operator mIII(ξ) (a) and bigger scales of
three resonant regions (1,0) – b, (2,0) – c, (3,0) – d1, d2, d3.
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Figure 3. (Colour online)Widths of satellite bands (∆eµ,l) as functions of the inter-level coupling constant
(α12) at different intra-level coupling constants (α11, α22), presented in the panels.
Within the approach of successive separation of infinite classes of multiplicative diagrams from the
blocks of non-multiplicative diagrams of MO and their partial summing, the MO is finally expressed as
the sum of continuous branch fractions with typical links. Such a representation effectively takes into
account multi-phonon processes and avoids the so-called “problem of sign”.
The renormalized energy spectrum is calculated using four successive approximations for the MO
within the example of a two-level quasiparticle interacting with phonons. The analysis of this spectrum
in different approximations shows that its properties essentially depend on the inter-level interaction.
In zero approximation for the MO (neglecting inter-level interaction), the spectrum contains two
infinite series of equidistant satellite levels, which intersect in all resonant regions when the energy
distance between two levels of uncoupled quasiparticle varies. In the first and further approximations
for MO, instead of two series of single satellite levels, the complexes of satellite levels are observed
in resonant regions while the bands of satellite levels are observed in non-resonant regions. In higher
approximations, the number of levels in satellite complexes and bands becomes bigger though their
widths vary weakly. At increasing δ, the levels do not intersect but some neighbouring levels degenerate
(disappear or appear), which causes an unstable spectrum. It is shown that the widths of satellite bands
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are mainly proportional to the magnitudes of the intra-coupling constants (αµµ) of those main levels (µ)
of an uncoupled quasiparticle, by which they are produced due to the interaction with phonons. The
sizes of satellite complexes are characterized by both widths of those two bands that produce them by
intersecting.
Observing the system under research as the simplest (rough) model of electron-phonon interaction
in basic elements of modern nano-devices (QCD and QCL), one can expect that the revealed bands and
complexes of satellite levels (which were not taken into account in the previous theoretical papers) would
essentially affect their operation. In particular, the satellite complexes and bands of the levels can replace
the missing “steps” of the “torn phonon ladder” or imperfect “complete phonon ladder” in extractors of
QCD operating in IR-range.
Of course, for a further development of a consistent theory of electron-phonon interaction in multi-
layered nanostructures, due to the effect of spatial quantization, it is necessary to take into account both
the multi-band quasiparticles and all modes of the phonon spectrum that are present in real structures.
This will generally make the theory much more complicated, but will make it possible to make a research
into the new interesting and important properties and physical phenomena in nanoheterostructures.
A. MO matrix elements mg(τ)µµ at (τ = 2, 3, 4, 5)
mg(2)11 = m12m21ξ¯
−1
2 , (26)
mg(3)11 =
(
m212ξ¯3 + m
2
13ξ¯2 + 2m12m23m31
) (
ξ¯2ξ¯3 − m23m32
)−1
, (27)
mg(4)11 =
{
m212
(
ξ¯3ξ¯4 − m234
)
+ m213
(
ξ¯2ξ¯4 − m224
)
+ m214
(
ξ¯2ξ¯3 − m223
)
+2
[
m12m13
(
m23ξ¯4 + m24m34
)
+ m12m14
(
m24ξ¯3 + m23m43
)
+ m13m14
(
m34ξ¯2 + m32m42
) ] }
× (ξ¯2ξ¯3ξ¯4 − m223ξ¯4 − m234ξ¯2 − m242ξ¯3 − 2m23m34m42)−1 ,
(28)
mg(5)11 =
{
m212
(
ξ¯3ξ¯4ξ¯5 − m234ξ¯5 − m245ξ¯3 − m253ξ¯4 − 2m34m45m53
)
+m213
(
ξ¯2ξ¯4ξ¯5 − m224ξ¯5 − m245ξ¯2 − m252ξ¯4 − 2m24m45m52
)
+m214
(
ξ¯2ξ¯3ξ¯5 − m223ξ¯5 − m235ξ¯2 − m252ξ¯3 − 2m23m35m52
)
+m215
(
ξ¯2ξ¯3ξ¯4 − m223ξ¯4 − m234ξ¯2 − m242ξ¯3 − 2m23m34m42
)
+2m12m13
[
m23
(
ξ¯4ξ¯5 − m245
)
+ m24m34ξ¯5 + m25m35ξ¯4 + m45 (m25m34 + m24m35)
]
+2m12m14
[
m24
(
ξ¯3ξ¯5 − m235
)
+ m23m43ξ¯5 + m25m45ξ¯3 + m35 (m25m43 + m23m45)
]
+2m12m15
[
m25
(
ξ¯3ξ¯4 − m234
)
+ m23m53ξ¯4 + m24m54ξ¯3 + m34 (m24m53 + m23m54)
]
+2m13m14
[
m34
(
ξ¯2ξ¯5 − m225
)
+ m32m42ξ¯5 + m35m45ξ¯2 + m25 (m35m42 + m32m45)
]
+2m13m15
[
m35
(
ξ¯2ξ¯4 − m224
)
+ m32m52ξ¯4 + m34m54ξ¯2 + m24 (m34m52 + m32m54)
]
+2m14m15
[
m45
(
ξ¯2ξ¯3 − m223
)
+ m42m52ξ¯3 + m43m53ξ¯2 + m23 (m43m52 + m42m53)
] }
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×
{
ξ¯2ξ¯3ξ¯4ξ¯5 − m223ξ¯4ξ¯5 − m224ξ¯3ξ¯5 − m225ξ¯3ξ¯4 − m234ξ¯2ξ¯5 − m235ξ¯2ξ¯4 − m245ξ¯2ξ¯3
−2 [m23m34 (m24ξ¯5 + m25m45) + m24m45 (m25ξ¯3 + m23m53) + m25m53 (m32ξ¯4 + m24m34) + m34m45m53ξ¯2]
+m223m
2
45 + m
2
24m
2
53 + m
2
25m
2
34
}−1
,
(29)
where ξ¯µ = ξµ − mµµ(ξ).
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Метод послiдовного видiлення та пiдсумовування
мультиплiкативних дiаграм масового оператора для систем
багаторiвневих квазiчастинок взаємодiючих з
поляризацiйними фононами
М.В. Ткач,Ю.О. Сетi, О.М. Войцехiвська, В.В. Гутiв
Чернiвецький нацiональний унiверситет iм.Ю. Федьковича,
вул. Коцюбинського, 2, 58012 Чернiвцi, Україна
На основi дiаграмної технiки Фейнмана-Пайнса у новому пiдходi розвинена теорiя перенормованого спе-
ктра систем багаторiвневих квазiчастинок взаємодiючих з поляризацiйними фононами при T = 0 K,
який дозволяє послiдовно видiляти мультиплiкативнi з немультиплiкативних дiаграм усiх порядкiв масо-
вого оператора i здiйснювати їх парцiальне пiдсумовування. Отриманий у цьому пiдходi масовий опе-
ратор є сумою розгалужених ланцюгових дробiв, якi ефективно враховують багатофононнi процеси. На
прикладi системи дворiвневих квазiчастинок показано, що саме мiжрiвнева (недiагональна) взаємодiя з
фононами кардинально змiнює властивостi перенормованого спектра. У околах усiх порогових енергiй
утворюються квазiеквiдистантнi фононнi сателiтнi зони — групи енергетичних рiвнiв, якi вiдповiдають
комплексам зв’язаних станiв квазiчастинки з багатьма фононами.
Ключовi слова: дiаграмна технiка, квазiчастинка, масовий оператор, фонон, спектр
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